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Abstract. Inspired by a previous work of Nakajima, we consider perverse sheaves over 
acyclic graded quiver varieties and study the Fourier-Sato-Deligne transform from a 
representation theoretic point of view. We obtain deformed monoidal categorifications of 
acyclic quantum cluster algebras with specific coefficients. In particular, the (quantum) 
positivity conjecture is verified whenever there is an acyclic seed in the (quantum) cluster 
algebra. 

In the second part of the paper, we introduce new quantizations and show that all 
quantum cluster monomials in our setting belong to the dual canonical basis of the 
corresponding quantum unipotent subgroup. This result generalizes previous work by 
Lampe and by Hernandez-Leclerc from the Kronecker and Dynkin quiver case to the 
acyclic case. 

The Fourier transform part of this paper provides crucial input for the second author's 
paper where he constructs bases of acyclic quantum cluster algebras with arbitrary co- 
efficients and quantization. 
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I. Introduction 

1.1. Motivation. Cluster algebras were invented by Fomin and Zelevinsky in [FZ02]. 
They are algebras generated by certain combinatorially defined generators (the cluster 
variables). The quantum deformations were defined in [BZ05]. Fomin and Zelevinsky 
stated their original motivation as follows: 

This structure should serve as an algebraic framework for the study of dual canonical 
bases in these coordinate rings and their q- deformations. In particular, we conjecture that 
all monomials in the variables of any given cluster (the cluster monomials) belong to this 
dual canonical basis. 

However, despite the many successful applications of (quantum) cluster algebras to 
other areas (cf. the introductory survey by Bernhard Keller [Kell2]), the link between 
(quantum) cluster monomials and the dual canonical basis of quantum groups remains 
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largely open. Partial results are due to [Lamlla] [Lamllb] [HL11] for quivers of finite 
and affine type. 

Also, the following conjecture has attracted a lot of interest since the invention of cluster 
algebras. 

Conjecture 1.1.1 (Positivity conjecture). With respect to the cluster variables in any 
given seed, each cluster variable expands into a Laurent polynomial with non-negative 
integer coefficients. 

This conjecture has been proved for cluster algebras arising from surfaces by Gregg 
Musiker, Ralf Schimer, and Lauren Williams [MSW11], for cluster algebras containing 
a bipartite seed by Nakajima [Nakll], and the quantized version for quantum cluster 
algebras with respect to an acyclic initial seed by [QinlO]. Recently, Efimov obtained 
further partial results on this conjecture for quantum cluster algebras containing an acyclic 
seed using mixed Hodge modules, cf. [Efill]. After this article was posted on Arxiv, 
Kyungyong Lee and Ralf Schimer informed the authors about a combinatorial proof of 
this conjecture for skew-symmetric coefficient-free cluster algebras of rank 3, cf. [LS12]. 

1.2. Strategy and main results. In [HL10], Hernandez and Leclerc propose monoidal 
categorification as a new approach to Conjecture 1.1.1: for a given cluster algebra A, 
find a monoidal category C such that its Grothendieck ring R is isomorphic to A and 
the preimages of the cluster monomials are equivalence classes of simple objects. Naka- 
jima observed in [Nakll] that the Grothendieck ring could be constructed geometrically, 
following his series of works [NakOl] [Nak04] where he studied quantum affine algebras 
via (graded) quiver varieties. As a consequence, he gave a geometric construction of the 
cluster algebra associated with a bipartite quiver in the spirit of monoidal categorification. 

Inspired by the previous work of Nakajima [Nakll], we use geometry of certain graded 
quiver varieties to construct a deformed Grothendieck ring, and show that it is isomorphic 
to the acyclic quantum cluster algebra. This proof consists of the following steps: 

(1) use a new family of graded quiver varieties to construct a Grothendieck ring with 
a new t-deformation, which is treated in detail in [Qinl2b] (cf. [Qinl2a]); 

(2) use the Fourier-Sato-Deligne transform to identify the t-analogue of g-characters 
(gt-characters for short) of certain "simple modules" inside the Grothendieck ring 
with the quantum cluster variables whose cluster expansions were obtained in 
[QinlO]; 

(3) prove that the above identification is an algebra isomorphism. 

The second step is crucial. We can no longer use Nakajima's previous construction 
because our quiver is not bipartite. Instead, we interpret the graded quiver varieties using 
quiver representation theory. This allows us to use the Nakayama functor to construct the 
pair of dual spaces to which we apply the Fourier-Sato-Deligne transform. This conceptual 
interpretation allows us to simplify and generalize Nakajima's previous work. 

As a corollary, Conjecture 1.1.1 is true for any quantum cluster algebra containing an 
acyclic seed. 

Next, we change the quantizations of the t-deformed Grothendieck rings, the gt-characters, 
the ring of gt-characters, and the acyclic quantum cluster algebra. Notice that the stan- 
dard modules and the simple modules induce a dual PBW basis and a dual canonical 
basis of the quantum cluster algebras, cf. [Qinl2b] for a more general treatment. Fol- 
lowing the idea of [GLSlla], we use T-systems to show that the quantum cluster algebra 
A q is isomorphic to a certain quantum coordinate ring, by comparing the dual PBW 
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bases of both algebras. As a consequence, up to specific g-powers, we could identify the 
dual canonical bases of both algebras. Via this identification, up to specific g-powers, 
the quantum cluster monomials are contained in the dual canonical basis of the quantum 
coordinate ring. 

1.3. Plan of the paper. In Section 2, we recall the definitions and some properties of 
the ice quiver with z-pattern, of the graded quiver varieties, of the geometric constructions 
of deformed Grothendieck rings, and of t-analogues of g-characters. 

In Section 3, we give a representation theoretic interpretation of graded quiver varieties 
and study the Fourier-Sato-Deligne transforms. We obtain the deformed monoidal cat- 
egorification of an acyclic quantum cluster algebra and the positivity conjecture in this 
case (Theorem 3.3.7 and Corollary 3.3.9). 

In section 4, we recall the unipotent quantum subgroup following [Kiml2]. In Section 5, 
we recall the T-systems of quantum minors inside quantum coordinate rings. 

In Section 6, we introduce new quantizations of the deformed Grothendieck ring, the 
ring of gt-characters and the quantum cluster algebras. Then in Section 7, we show that, 
up to specific g-powers, the quantum cluster monomials of these algebras can be identified 
with certain elements in the dual canonical basis of the corresponding quantum unipotent 
subgroups (Theorem 7.0.4). 
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2. Preliminaries 

In this Section, we give the definitions and some basic properties of ice quivers, quantum 
cluster algebras, graded quiver varieties, deformed Grothendieck rings, and t-analogues of 
g-characters. More details can be found in [BZ05] [NakOl] [Nak04] [Nakll], or in [QinlO] 
[Qinl2b]. 

2.1. Ice quivers with ^-pattern. A quiver Q is an oriented graph, which consists of a 
set of vertices I = {1, . . . , n} and a set of arrows Q. For each arrow h, denote its source 
by s(h) and its target by t(h). Associate to h a new arrow h which points from t(h) to 
s(h). Denote the set {h\h G Q} by Q. Define H to be the disjoint union of Q and Q. The 
opposite quiver Q op of Q consists of the vertices in / the arrows in Q. Sometimes we also 
denote I and Q by Q and Qi respectively. 

The quiver Q is called acyclic if it contains no oriented cycles. It is called bipartite if 
at any vertex i £ /, either there are no incoming arrows or there are no outgoing arrows. 

Example 2.1.1. The acyclic quiver Q in Figure 1 has vertices 1, 2, 3. Its opposite quiver 
Q op is given by Figure 2. 

Let Q be a full subquiver of another quiver Q, which has vertices {1, . . . , m} and set of 
arrows Q. We say that Q is an ice quiver with principal part Q and coefficient type (or 
frozen pattern) Q — Q. The vertices n + 1, . . . , m are called frozen vertices. 



4 



YOSHIYUKI KIMURA AND FAN QIN 




Figure 1. An acyclic quiver Q 




Figure 2. The quiver Q° p 

Example 2.1.2. Figure 3 is an example of an ice quiver with m = 6, whose principal 
part is the quiver in Figure 1. 




is 



Figure 3. An ice quiver Q\ of level 1 with ^-pattern 
We associate to Q an m x n matrix 1 B = (6^) such that its entry in the position 

bij = Jj{ arrows from % to j} — Jj{ arrows from j to i}. 

If further a compatible pair (A, B) is given, we can construct the associated quantum 
cluster algebra A q following Section 2.2. 

Example 2.1.3. The matrix B = Bq associated with the quiver Q in Figure 1 is 

1 l\ 
-1 1 . 
-1 -1 0/ 



1 Notice that this convention is opposite to that of [Nakll]. 
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The matrix B associated to the ice quiver Q in Figure 3 is 





1 




-1 
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-1 


-i 
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-ij 



The matrix Bq is invertible. Thus we have a canonical choice of A given by 

°\ 



1 

-2 ■ 
-1 
0/ 

Let I be a non-negative integer and Q an acyclic quiver. Denote by mod CQ the category 
of finite dimensional right CQ-modules, or equivalently representations of the opposite 
quiver Q op . The indecomposable projectives are denoted by Pi. The bounded derived 
category D b (modCQ) has an Auslander-Reiten quiver, from which we extract the full 
subquiver supported on the vertices r d P^ i<El,l<d<l + l, and delete the arrows 
among the vertices r l+l Pi, i 6 I. The resulting ice quiver Q is called a level I ice quiver 
with z-pattern, where the vertices corresponding to r /+1 Pj, « 6 /, are chosen to be frozen. 
In this case we also denote it by Q\ . The associated (/ + l)n x Zn-matrix B is denoted by 
B z or Bf . 

Example 2.1.4. The quiver in Figure 3 is a level 1 ice quiver with z-pattern. The quiver 
in Figure 4 is a level 2 ice quiver with z-pattern. 




Figure 4. An ice quiver Q\ of level 2 with z-pattern 

2.2. Quantum cluster algebras. We refer the reader to [QinlO] for detailed definitions 
and important properties. 

Following [BZ05], we define (generalized) quantum cluster algebras over (R,v), where 
R is an integral domain and v an invertible element in R. In the present paper we shall 
only be interested in the case where (R, v) = (Z[t» ], v ) for a formal parameter v. We also 
denote v 2 by q and v by <p. 

Let m > n be two positive integers. Let A be an m x m skew-symmetric integer matrix 
and Banmxn integer matrix. The upper n xn submatrix of B, denoted by B, is called 
the principal part of B. 
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Definition 2.2.1 (Compatible pair). The pair {A,B) is called compatible if we have 

(1) A(-B) = 

for some n x n diagonal matrix D whose diagonal entries are strictly positive integers. It 
is called a unitally compatible pair if moreover D is the identity matrix l n . 

Let (A, B) be a compatible pair. The component A is called the A-matrix of (A, B), 
and the component B the B -matrix of (A, B). 

Proposition 2.2.2. [BZ05, Proposition 3.3] The B-matrix B has full rank n, and the 
product DB is skew-symmetric. 

We write A(g, h) for g T Ah, g,h G Z m , where ( ) T means taking the matrix transposition. 

Definition 2.2.3 (Quantum torus). The quantum torus T = T(A) over (R,v) is the 
Laurent polynomial ring Z[f ± ][x] t , . . . ,x^\, endowed with the twisted product * such that 
we have 

x 9 *x h = V A (9,h) x 9+h 

for any g and h in Z m . Here for any g = (gi)i<i< n G Z m ; x 9 denotes the monomial 

We denote the usual product in T by •, and often omit this notation. 

Assume that R is endowed with an involution sending each element r to r, such that v 
equals v~ x . We extend the involution of R to an involution (anti-automorphism) of T by 
defining x 9 = x 9 for any g e Z m . 

A sign e is an element in {—1, +1}- Denote by bij the entry in position of B. For 
any 1 < k < n and any sign e, we associate to B an m x m matrix E e whose entry in 
position is 

{Sij if j ^ k 

-1 m=j = k 

max(0, —ebik) if % ^ k,j — k, 

and annxn matrix F t whose entry in position (i,j) is 

{Sij if % ^ k 

-1 if z = j = k 

max(Q, eb^) if i = k, j ^ k. 

Fix a compatible pair (A, B) and the quantum torus T = T(Z m ,A). Notice that the 
quantum torus T = T(+, *) is contained in its skew-field of fractions, which is denoted 
by J 7 , cf. [BZ05, Appendix]. 

In the following, we consider triples (A', B', x') such that (A', B') is a compatible pair 
and x' = (x[, ■ ■ ■ , x' m ) is an m-tuple of elements in the quantum torus T . 

Let T n be an n-regular tree with root t . There is a unique way of associating a triple 
(A(t), B(t),x(t)) with each vertex t of T n such that we have 

(1) (A(t ), B(t ),x(t )) = (A, B, x), where x = (x lt ■■■ ,x m ), and 

(2) if two vertices t and t' are linked by an edge labeled k, then the seed (A(i'), B(t'),X(t')) 
is obtained from (A(t),B(t),X(t)) by the mutation at k defined as below. 
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Definition 2.2.4 (Mutation [BZ05]). Given any sign e, the new triple 
(A(t'), B(t'), x(t')) obtained from (A(t), B(t), x(t)) by the mutation at k is given by 

(3) (A(f), B{t')) = (E e (t) T A(t)E e (t), E e (t)B(t)F e (t)), 

and 

x k (t) *x k {t') ^WfeSs^NWl+si) j | Xi {t) [bikMt) 

, , . Ki<m 

+ u A(t)(e» ) Ei< J < m [-6i*(t)]+«y) JJ + 

l<j'<m 

(5) ^i(t') 1 < i < m, i ^ k. 

Notice that here [ ] + denotes the function max{0, }. We recall from [BZ05] that is 
an involution, and is independent of the choice of e. 

The triples (A(t), B(t), x(t)), t G T n , are called the (quantum) seeds. The elements 
Xi(t), 1 < i < m, t G T n , are called the x-variables. The x-variables Xj(t), 1 < i < n, 
t G T„, are called the quantum cluster variables. For each t G T n , each monomial in 
the Xj(t), 1 < i < n, is called a quantum cluster monomial. Notice that for j > n, the 
x- variables Xj(t) do not depend on t. 

Definition 2.2.5 (Quantum cluster algebra). The quantum cluster algebra A q = A q (+, *) 
over (R,v) is the R-subalgebra of J 7 generated by the quantum cluster variables Xi(t) for 
all the vertices t ofT n and 1 < i < n, and the elements Xj and xj 1 for all j > n. 

The specialization A = A g \ v ^i is called the classical cluster algebra, which is also 
denoted by A z . If R = %[v ± ], we say that A q and A are integral. 

Theorem 2.2.6 (Quantum Laurent phenomenon). [BZ05, Section 5] The quantum cluster 
algebra A q is a subalgebra of T ■ 

Similarly, the cluster algebra A = A z is a subalgebra of the Laurent polynomial ring 
Tlw-fi = T . 

2.3. Cluster category and quantum cluster variables. Let Q and B be given as in 
Section 2.1. We associate to B the cluster algebra A z as in [FZ07]. Let the base field k 
be the complex field C. Let W be a generic potential on Q in the sense of [DWZ08]. As 
in [KY11], with the quiver with potential (Q, W) we can associate the Ginzburg algebra 
T = r(Q, W). Denote the perfect derived category of Y by perT and denote the full 
subcategory of per V whose objects are dg modules with finite dimensional homology by 
'DfdT. The generalized cluster category C = in the sense of [Ami09] is the quotient 

category 

C = perT/V fd T. 
Denote the quotient functor by 7r : perT — > C and define 

Ti = 7r(ejr), 1 < i < m, 
T = ©i<i< m Tj. 

It is shown in [Plalla] that the endomorphism algebra of T is isomorphic to H°T. 

For any triangulated category U and any rigid object X of U, we define the subcategory 
pr u (X) of U to be the full subcategory consisting of the objects M such that there exists 
a triangle in U 

M 1 -> M -> M -> SM 1? 
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for some Mi and Mo in addX. The presentable cluster category T> C C is defined as the 
full subcategory consisting of the objects M such that 

M e pr c (T) n pr c (£ -1 T) and dim Ext* (T, M) < oo, 

c/. [Plallb]. 

We refer to [Plallb] for the definition of the iterated mutations of the object T. There 
is a unique way of associating an object T(t) = ®i<i< m Ti(t) of V with each vertex t of 
T n such that we have 

(1) T(to) = T, and 

(2) if two vertices t and if are linked by an edge labeled k, then the object T(i') is 
obtained from T(t) by the mutation at k. 

Let T C perT denote the full subcategory pr perr (r). The quotient functor ir : perT — > C 
induces an equivalence J 7 pr c (T). Denote by ir~ l the inverse equivalence. For an object 
M G pr c (T), we define its index indyM as the class [7r _1 M] in K (perr). 

Theorem 2.3.1. [Plallb] (1) For any vertex t ofT n , the classes [indyTj(t)] form a basis 
o/K (perr). 

(2) For a class [P] in K (perr), let [[P] : Tj(t)] denote its ith coordinate in this basis. 
Then we have ([ind^T^t) : Tj])i<j< m = gi{t), where gi(t) is the ith extended g-vector 
associated with t, cf. [FZ07]. 

Definition 2.3.2 (Coefficient-free objects). An object M in C is called coefficient-free if 

(1) the object M does not contain a direct summand T i; % > n, and 

(2) the space Ext c (Tj, M) vanishes for i > n. 

For a coefficient-free object M e C, the space Ext^,(T, M) is a right H°T- module whose 
support is concentrated on Q. Thus, it can be viewed as a V(Q, W / )-module, where W 
is the potential on Q obtained from W by deleting all cycles through vertices j > n and 
V(Q, W) is the Jacobi algebra of (Q,W). Denote by <p : K (mod V(Q, W)) -»■ K (perr) 
the map induced by the composition of inclusions mo6T J {Q 1 W) — > T>fdT — > perT. For 
any vertex i of Q, it sends [Si] to 

(6) E E t e ' r ]' 

arrows i— >j arrows Z— >i 

as one easily checks using the minimal cofibrant resolution of the simple dg T- module Si, 
cf. [KY11]. Thus, the matrix of <fi in the natural bases is —B. 

By the twisted Poincare polynomial of a topological space Z, we mean the polynomial 
Pt{Z) = Y2p(~ 1) P dim H P (Z, Q). When Q is acyclic, we have the following construction. 

Definition 2.3.3 (Quantum CC-formula, [QinlO]). For any coefficient-free and rigid 
object M E V, we denote by m the class of Ext^(T, M) in K (mod kQ), and associate to 
M the following element in T 7 ". 

(7) x M = E^i(Gr e (Ext^r,M))) ? -^ dimGre(ExtMT ' M)) x indT(M) ^ (e) , 

e 

where pi() denotes the twisted Poincare polynomial, and Gr e (Ext^(T, M)) is the sub- 
module Grassmannian of Ext c (T,M) whose C-points are the submodules of the class e in 
K (modP(Q,W0). 

The following theorem is the main result of [QinlO]. 
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Theorem 2.3.4 ([QinlO]). Assume that the quiver Q is acyclic. For any vertex t o/T n 
and any 1 < i < n, we have 

Moreover, the map taking an object M to xm induces a bisection from the set of isomor- 
phism classes of coefficient-free rigid objects ofD to the set of quantum cluster monomials 
of A". 

2.4. Deformed Grothendieck ring via graded quiver varieties. In [Nakll], Naka- 
jima used graded quiver varieties associated with bipartite quivers to construct deformed 
Grothendieck rings. In order to generalize his result to study acyclic quantum cluster 
algebras, we will use a new family of graded quiver varieties and a modified version of 
deformed Grothendieck rings for acyclic quivers Q, which have been studied in [Qinl2b]. 
For the convenience of the reader, we shall recall the basic definitions and properties of 
these constructions. 

Notice that, by the dimension of a complex variety, we always mean the complex di- 
mension. By default, we only consider geometric points. 

Graded quiver varieties. Assume that Q is an acyclic quiver with the set of vertices / = 
{1, . . . , n}, such that 6^ < whenever % > j, cf. Section 2.1 for the definition of bij. 

We denote the finitely supported bigraded vectors in N /xZ by w = (wi(a))jG/,aez, and 
the finitely supported bigraded vectors in N /x ( z+ 2) by v = (vj(a))i )0 . Let the associated 
graded complex vector spaces be W = C w = @^ a Wi{a) = ©i, a C u ' i< - a ' ) and similarly V = 

The vectors w and v can be naturally viewed as elements in Z /xM . For any del, 
define the degree shift [d] of vectors rj = rji(a) G Z /xR by r][d]i(a) = r]i(a + d). For any two 
vectors rj 1 = r)j(a), rj 2 = i]f(a) in Z IxR , if at least one of them has finite support, their 
inner product is defined as r/ 1 ■ rf = £\ a rj}(a)rjf(a). 

The Cartan matrix C associated with Q is the I x I matrix whose entry in position 
is 

3 \ ~\hj\ lii^J 
Definition 2.4.1 (g-Cartan matrix). We define the linear map 

CV ;Z 'x(I+Z)^ z /xZ 

such that for each rj E Z /x ^ +z \ we have 

(9) (C g rj) k (a) = rj k (a + -) + r] k (a - -) - b ik rn{a+-)- ^ h^a--). 

i:l<i<k j:k<j<n 

It is called a g-analogue of the Cartan matrix C, or a g-Cartan matrix for short. 

It is easy to see that C q naturally extends to a linear map from Z /xM to Z /xR , which is 
also denoted by C q . Furthermore, C q commutes with [d], d G R. 
The g-Cartan matrix C q is symmetric in the following sense. 

Lemma 2.4.2. For any two vectors r/ 1 ,^ 2 G Z /xR , if at least one of them has finite 
support, we have the following identity: 

(10) v 2 -c qV 1 [- 1 -] = c qV 2 - v 1 [- 1 -]. 
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Definition 2.4.3 (/-Dominance). A pair (v,w) is called /-dominant 2 ifw — C q v G N /xZ . 

Define the dominance order on the set of pairs (v,w), such that (v f ,w f ) < (v,w) if 
w' - C q v' —w- C q (v + v"), for some v" G N /x(z+ ^. 

We say v' < v if (V, w) < (v,w), or equivalently, if v[(a) > Vi(a), for all (i,a). We say 
w' <w if(0,w') < (0,w). 

Definition 2.4.4 (Weight order). We define the total order (weight order) < w on the set 
of pairs (i,a), i G I , a G K ; such that (i',a')< w (i,a) if a' < a, or if a' = a and i' < i. 

Denote the set {r] G Z /xZ |%(a) = 0, VA; G I, a < 0} by E. Denote the set {n[^]\r} G E} 
by£[±]. 

Lemma 2.4.5. 1) C q restricts to an isomorphism from to E. 
2) C q restricts to an isomorphism from E to E[— |]. 

We denote the inverses of both the restriction maps by C q l . 

Let efc, a G N /xZ be the unit vector concentrated at the degree (k,a). Denote by 
the dimension of Hom mod cQ(-P;, Pj), i < j, namely the number of (possibly trivial) paths 
from i to j in the quiver Q. 

Lemma 2.4.6. The vector e k a = C~ 1 (ek !a ) satisfies, for all k' G /, 
,,,, ~ ( ifb<a+\ 

I 11 ) e k,a ■ e k > b = < - fu „ i I ■ 



Pkk> ifb = a + 



2 



Consider the opposite quiver Q op and denote its set of arrows by Q. Define the function 
e : H — >■ {±1} such that e(Q) = {1}, e(Q) = { — 1}. Similarly, for a linear map indexed 
by h G H, we define (eB) h = e(h)B h . Given finitely supported vectors v, v' in 'M Ix( - z+ 2'> 
and w in N /xZ , we define the following graded vector spaces 

L'(v,v') = ® M Hom(Vi{a),V!(a)), 

L<»(w,v) = ® M Hom(W l (a),V l (a- -)), 

L <v, (v,w) = ©(»,„) Hom{Vi{a),Wi(a- -)), 
E <w (v,v') = (© M , a Hom(K ((i )(a),K (ft) (a))) 

© (©3fen,a Hom(V; (7I) (a), I^(a - 1))). 

Notice that the weight order strictly decreases along the linear maps in the last three 
spaces. 

Consider the afline space 

(12) Rep'(Q op ,v,w) = E <w (v,v) © L <w (w,v) © L <w (v,w). 

Denote the coordinates of its points by 

, 13 , ( 5 > f 3 ) = (( B h)heH, a, 0) = ((b h ) hen , {bjdhen, ( a ih (&)*) 

= \{®abh,a)h: (®a% )ftj (©a^i.a)*; (®aA,a)i)- 



'The I here stands for "loop" in the quantum loop algebras. 
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Define the analogue of the moment map \x : Rep'(Q op , v, w) — > L*(v,v[—1]) such that 
fi(B, a, 0) = ® aeZ+ y eI n(B, a, /?);,„ 

^ = ®i,a(^2( b h,ah,a+l ~ k,a+l b h,a+l) + "i.a+i A,a+l), 

hen 

or fi(B, a, (3) = (eB)B + af3 for short. 

Example 2.4.7. Let Q be given as in Figure 1. Figure 5 is an example of the vector space 
Rep*(Q op , v , w), where the vertices denote the (i,a)-degree components of W and V and 
the arrows denote the corresponding linear maps. The components in the same rows have 
the same i-degrees, and those in the same columns have the same a-degrees (or degrees 
for short). 




Figure 5. Vector space Rep' (Q op , v , w) 

The group G v = \\ ia GL{y ij0 ) acts naturally on the level set /x _1 (0) such that for 
9 = (9i,a) e G v , we have g(a) = ga, g(/3) = (3g-\ g(b h ) = gt(h)bh9^ h) , g(h) = 9t(h)h9~^ y 
We fix the character of \ °f G v such that x{g) — Yli a(^ e ^ 9i,a) 1 - 

The graded quasi-projective quiver variety Ai'(v,w) is defined to be the geometric 
invariant theory quotient (GIT quotient for short) of / u _1 (0) with respect to Xi an d the 
graded affine quiver variety Ai '(v,w) is defined to be the categorical quotient of /i _1 (0) 
by the action of G v . Then there is a natural projective morphism 7r from Ai'(v,w) to 
M '(v,w). 

Denote the fibre of tt over a point x by ra* x (v,w). When x = 0, we also denote the 
fiber by C = C'(v,w). 

Remark 2.4.8. If the quiver Q op is bipartite, our q-Cartan matrix C q and quiver varieties 
are isomorphic to those defined in [Nakll]. This can be seen by applying appropriate shifts 
in the degrees a of the vectors Vi(a), Wi(a). 

Let us define A4 ' Teg (v, w) to be the set of points in M. Q '{y, w) such that the stabilizers 
in G v of their representatives are trivial. Then the morphism 7r is an isomorphism from 
n-\M ,Teg (v,w)) to M ' TCg (v,w), cf. [Qinl2b]. 

Proposition 2.4.9. Aio' lcg (v,w) is non-empty if and only if(v,w) is l-dominant. 

Theorem 2.4.10 (Transversal slice). Assume x is a point in A4 ' veg (v°,w), which is 
naturally embedded into a quotient Aio'(v,w) . LetT be the tangent space of Ai * reg (v,w) 
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at x. As (v°,w) is l-dominant, define w 1 - = w — C q v°, v 1 - = v — v°. Then there exist 
neighborhoods U, Ut, U x of x G JAo°(V,W), G T, G M.o'iy- 1 - ^w^) respectively, and 
biholomorphic maps U — >■ Ut X U L , 7r _1 (C/) — > Ut x 7r _1 (L'"- L ) ; suc/i i/iai i/ie following 
diagram commutes: 

M'(v,w) Dir-^U) — ^ C/ T x 7r- 1 (Z7- L ) C TxM{v L ,w L ) 

1X7T 

M>*(«,w)l> £/ — ► UtxU 1 - crxjWoV^ 1 ) 

In particular, the fibre m* x (v,w) = 7r _1 (x) biholomorphic to the zero fibre /^'(f- 1 , w -1 ) 
oner G .A/lo*^" 1 , w -1 )- 

Proposition 2.4.11. VFe /iai>e a stratification 

(15) M)"(«, «>) = U {v ^ w) > (V:W) M ' ieg (v' } w). 

In particular, the variety M.q'{w) = U v Aio'(v,w) has a stratification 

M *(w) = U v M ' Icg (v,w). 

Corollary 2.4.12. Let (v,w),(v°,w) be l-dominant pairs. Then we have A4o' res (v°,w) C 
Ai ° Teg (v, w) if and only if (v°,w) > (v,w). 

For any two pairs of vectors (v l ,w l ), (v 2 , w 2 ), define quadratic forms d((v 1 , w 1 ), (v 2 , w 2 )), 
d'((v l , w 1 ), (v 2 , w 2 )), d' w {w 1 ,w 7, )i and S'(w l ,w 2 ) such that 

(16) d((v\ w 1 ), (v 2 , w 2 )) = (w 1 - C q v x ) ■ v 2 [- 1 -] + v 1 ■ w 2 [- l -l 



(17) d' w (w\w 2 ) = ~w 1 [ 1 -}-C; 1 w 2 , 

(18) £\w\w 2 ) = -w'[\\ .C^w 2 + w 2 [\\ .C^w\ 

(19) d'((v\ w 1 ), (v 2 ,w 2 )) = d((v\ w 1 ), (v 2 , w 2 )) + d' w {w\ w 2 ), 
Notice that ^'((O,^ 1 ), (0,w 2 )) equals d' w {w 1 ,w' 2 ). 

Remark 2.4.13. Our d' andd' w are different from d anddw in [Nak04], but the properties 
are similar. 

Lemma 2.4.14. The following equality holds: 

(20) d'((v\ w 1 ), (v 2 , w 2 )) = d'((0, w 1 - C q v\ (0, w 2 - C q v 2 )). 

Theorem 2.4.15 ([Qinl2b]). The graded quiver variety A4*(v,w) is smooth connected of 
dimension d((v,w), (v,w)). Furthermore, it is homotopic to the zero fiber C*(v,w), and 
its odd homology vanishes. 
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Deformed Grothendieck ring. Let (v,w) be a pair of vectors. The map n : Ai'(v,w) — > 
Aio'(w) is proper since it is the composition of a projective morphism and a closed em- 
bedding. The rank 1 trivial local system over AA'(v, w) yields a perverse sheaf 1m'{v,w) — 
C[dim M*{v , w)]. Define IC w (v') to be the simple perverse sheaf generated by the rank 
1 trivial local system on A4 ' ree (v', w). 

By the celebrated decomposition theorem [BBD82], the sheaf ir w (v) = h\{1m m (v,w)) 
decomposes into a direct sum of shifts of simple perverse sheaves on Aio*(w). The results 
in [NakOl, Theorem 14.3.2] can be translated into the following. 

Theorem 2.4.16. We have a decomposition 

(21) ^w{ v ) — ®v':(v',iv) is l-dominant ©a!eZ a v 

where the coefficients a d v ,, w satisfy a d v ,. w G N, a d v ,. w = a~ d ,. w , a d v v . w = 5 d0 if (v, w) is 
l-dominant, and a d v ,. w vanishes unless (v',w) > (v,w). 

We define the Laurent polynomial a v y- w (t) in the Laurent polynomial ring Zf^] to be 



This set is of finite cardinality. 

Let V c (Ai '(w)) be the bounded derived category of constructible sheaves on J\A '(w), 
and Q w its full subcategory whose objects are isomorphic to the direct sums of the shifts 
of the objects in V w . Then Q w and V w are stable under the Verdier duality D. Let K w 
be the quotient of the free abelian group generated by the isomorphism classes (L) in 
Q w modulo the relation (L) = (L') + (L") whenever L is isomorphic to L' © L". The 
group K w has a natural Z^j-structure such that t{V) = (L[l\). The duality D induces 
an involution ( ) on K w which satisfies t(L) = and (IC w (v)) = (IC w (v)) 

The decomposition (21) implies that, by abuse of notation, K w has two Zft^-bases: 
{IC w {v)\{y , w) is /-dominant} and {7r w (t>)|(t>, w) is /-dominant}. 

As in [Nakll], we define the abelian group K,* w = Hom Z [ t ±](/C^, Z^]). Let {L w (v)}, 
{Xw(v)} be the bases of K,* w dual to {IC w (v)}, {7r„,(t>)} respectively. Define another basis 
{M w (v)\(v, w) is /-dominant} of K* w by 



where x VyW is any point in ^0*^(^,^)5 ix v , w is the inclusion, and ( , ) is the canonical 
pairing. Notice that the definition of M w {y) is independent of the choice of x VjW . Indeed, 
it suffices to check this for the elements L in the basis {^(f)} and here it follows from 
Theorem 2.4.10. 

In the situation of Theorem 2.4.10, we have 




For each /-dominant pair (v,w), we define a set 

V w = {IC w {y )\{y , w) is /-dominant}. 



.dim Mo 



{v ' w) ~ k dim H k (i x L), 



k 





(v' ,w)<(v,w) 



Therefore, {M w {y )\{v , w) is /-dominant} is a basis. 
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Definition 2.4.17 ([Nakll, 3.3]). DefineTZt to be the infinite rank free Z[i ] -module con- 
sisting of the junctionals (f w ) G Yl w suc ^ that we have (f w , IC w (v)) = (f w ±, JC, i ,±(f- L )) 
for any l-dominant pairs (v,w), (if _L ,f" L ) appearing in Theorem 2.4-10. 

Let M(w) = (fw')w' denote the functional determined by f w = M w (0) and L(w) = 
(fw')w' the functional determined by /„, = L w (0). Then {M{w)} and {L(w)} are two 
bases of 1Z t . 

By [VV03], resp. [Nakll, Section 3.5], for any w, w 1 , w 2 , such that w 1 + w 2 = w, we 
have a restriction functor 

Re^ w : V c (M '(w)) V c {M Q \w 1 )) x V c (M '(w 2 )). 

' — w 

Furthermore, Res^i w2 sends tt w (v) to 

©.^^(v 1 ) B 7r w a(v 2 )[d((v 2 , w 2 ), («\ w 1 )) - ^((t; 1 , w 1 ), (v 2 , w 2 ))], 
where (v l ,w l ), (v 2 ,w 2 ) are not necessarily /-dominant. 

- — ID 

We define Res™ = ^2 w i +w 2 =w Kes w i w2 [— E'(w l , w 2 )} for each w. Because these functors 
are compatible with Theorem 2.4.10, they induce a multiplication of IZt, which we denote 
by ®. 

The arguments of [VV03] imply the following result. 

Theorem 2.4.18. The structure constants of the multiplication g) with respect to the 
basis {L(w)} of IZt o,re positive: 

(23) L(w 1 )®L(w 2 ) = J2bZ*, w *(t)L(™ 3 ) 

w 3 

with bzi^^nn 

2.5. qt-characters. Define the ring of formal power series 

(24) y = nt ± ][[Y l {a) ± ]} m ^ 

where t, Yi(a) are indeterminates. We denote its product by •, and often omit this notation. 

Given vectors w, v as before, we denote the monomial m = Y w ~ CqV by m(v, w). By (20), 
we have a naturally defined bilinear form d' for such monomials. For i G /, b G (| + Z), 
we sometimes denote m^j^O) -1 by 

Endow y with the twisted product * and the bar involution ( ) such that for any two 
monomials m 1 = m{v l ,w l ), m 2 = m(v 2 ,w 2 ), we have 

(25) t = t~ x , m 1 = m 1 , 

(26) m 1 * m 2 = t -d'(m\^)+d'(m^) m i m 2_ 

The t-analogue of the g-character map is defined to be the Z[t ]-linear map Xq,t( ) from 
TZt to y such that we have 

(27) fe() = E('^M) r "^ 

The following results follow from [VV03] and [Nak04, Theorem 3.5]. 
Theorem 2.5.1. Xg,t{ ) an injective algebra homomorphism from lZ t to y. 
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deg = — 1 deg = 



W 3 (-l) < W 3 (0) 




Figure 6. Affine quiver variety Mo'(v,w) = E w 

3. MONOIDAL CATEGORIFICATION 

Let us fix the following conventions. 

• We always assume w E pj 7 *!^ 1 ' } (level 1 case). Furthermore, we assume v E 
N /x ^ _ which is naturally identified with a dimension vector v E N 1 . 

• All the representations are those of the opposite quiver Q op . 

• We assume the ice quiver Q is of level 1 with ^-pattern. 

By putting the above restriction of (v, w) on the definition of Xq,t, we obtain the trun- 
cated character map Xq,t~°- Notice that the truncation preserves all the /-dominant pairs. 
Theorem 2.5.1 still holds for the truncated characters, cf. [HL10, Proposition 6.1]. 

3.1. Fourier-Sato-Deligne transform. For each multiplicity parameter m = (mj) ig ; E 
N 1 , define the injective (^-representation I m = @i<^ilf mi and similarly the projective 
representation P m = © ie/ Pf m \ 

Let (B, a, (5) be any point of Rep*(f , w) and r any path of Q op . Define 3 the homomor- 
phism z r to be the composition (3 t MB r a s M along the path 0t(r) ra s(r) if r is nontrivial and 
flt(r) a s(r) if r is e i f° r some vertex i E I. Notice that each z r determines a morphism from 

P^ff °^ to ^(*) r) ^ ■ Furthermore, we have the following result. 

Proposition 3.1.1. When v is big enough, the affine quiver variety Ai'(v,w) stabilizes 
to the affine space E w = Hom(P w (°\ I w ^). 

Proof. The proof is the same as that of Proposition 4.6(1) [Nakll]. □ 
Example 3.1.2. Figure 6 is an example of the space E w . 

Definition 3.1.3. For each dimension vector v E W , let T{v,w) denote the variety 
parameterizing all the I-graded submodules X = (JQ)j £ / of such that dimX = v. 

Since Q op is acyclic, the variety T(v,w) is smooth projective and irreducible [Rei08, 
Theorem 4.10]. 

3 In [Nakll], our z r is denoted by y r if r is nontrivial and Xi if r is for some vertex i E I. 
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We define the variety J-(v, w) by 

(28) F(v, w) = {((X, z) G T{v, w) x E w | Im z C X}. 

Proposition 3.1.4. The quasi-projective quiver variety J\A*(v,w) is isomorphic to the 
variety F(v, w). 

Proof. The proof goes the same as that of Proposition 4.6 [Nakll]. □ 
Corollary 3.1.5. The quasi-projective quiver variety Ai*(v, w) is smooth and irreducible. 

Proof. View J r (v,w) x E w as a trivial vector bundle over jF{v : w). Then Fiy^w) is a 
subbundle. Therefore, F(v,w) is smooth. Moreover, since J-(v,w) is connected, so is 
J-(v,w). As a smooth and connected variety, F{v,w) is irreducible. □ 

Let £?* denote the natural dual space of the complex vector space E w . Let us write 
J r (f,w) ± for the annihilator sub-bundle in J^^Vjiu) x of the sub-bundle Fiv^w) C 
F{y,w) x E w . Its fibre over any given point X = pQ) G J-{v : w) consists of the linear 
maps z* = (z*) G such that, for any point (X,z) G JT(v,iy), the natural pairing 
(z, z*) = ^ r Tr(z*z r ) vanishes. 

Using the Nakayama functor u( ), we obtain 

= (Hom(P w(0) ,/ ,i ' ( - 1) ))* = Hom^- 1 ),^^^)) = Hom^^ 1 ), / w(0) ). 
Notice that each z* determines a morphism from i^*\ r) ^ to 1^!.^ ° . 
Example 3.1.6. Figure 7 is an example of the dual space E^. 



deg 



deg = 



Wi(-l) 



► W 3 (0) 




w 2 (o) 



► Wi(0) 



Figure 7. Dual space E* 



Lemma 3.1.7. The fibre of J r (v,w) ± over any given point X G JF{v,w) consists of the 
maps z* 



[z* r ) G Hom^- 1 ), I w ^) such that 



(29) 



z*X = 
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Proof. The composition z*z E Hom(P w (°\ P"(°)) is a direct sum of components (z*z)ij, 
where i,j E I and {z*z) ij E Hom(P™ j(0) , Jf l(0) ). We can write the pairing (z,z*) as 
Ei £ jTr(z*z)ii. 

Denote the quotient module P^ _1 ) jX by Y . We can choose decompositions of vector 
spaces 

Hom(P"' (0) ,/^ 1) ) A Hom(P u,(0) ,X) © Hom(P w(0) , F), 

Hom(/ w( - 1) ,/ w(0) ) A Hom(X,/ w(0) ) © Hom(F, J^) 

and write z = (zx,Zy) and 2;* = (z x ,z Y ) correspondingly. Then (z*z)a equals (z x zx + 
z y zy)u, Vz E I. Notice that the natural pairing (zx,z x ) = J2i^ r ( z x z x)u between 
Hom(P w (°\X) and Hom(X,I w ^) is non-degenerate. 

The fibre of J-{v, w) over a given point X consists of the pairs (X, z) such that zy = 0. 
Therefore, the fibre of J-(v, w) 1 - over X consists of the pairs (X, z*) such that z* x = 0. In 
other words, z*X vanishes. 

□ 

Fix any element z* E Hom^^ 1 ', I™( )). We define a W = { a Wi) ia to be the kernel of 
z* and denote its dimension vector by a w. Then ( a W, z*) is contained in JF (?w, w). For 
any 1 < i < n, Xj is a subspace of a W{. 

Definition 3.1.8. For any vector w E N /x ^ _1 ' ^, its coefficient-free part E N 7 *! -1 ^} 
and its pure coefficient part ?w E span^{ei-i + e^o\i E 1} are defined such that w = 
+ *w and, for any % El, either ^w^—l) or ^Wi(0) vanishes. Let J denote the set of 
w such that w = ^w. 

Proposition 3.1.9. 1) The fibre of J r_L (f, w) over z* is isomorphic to the submodule 
Grassmannian consisting of the v- dimensional submodules of a W. 

2) When z* is generic, the module a W is a generic representation ofQ op with dimension 
a w. 

Proof. 1) Any element (X,z*) in the fibre must satisfy X C "W. Conversely, given any 
submodule ©V^ of a W , the collection (Vi)i is contained in J rJ -(t>,w) by the definition of 
a W and Lemma 3.1.7. 

2) Since we are interested in generic maps, we can replace w by without changing 
the generic kernels. A generic kernel in this case is known to be a generic module, cf. 
[Plalla]. 4 □ 

Remark 3.1.10. If the quiver Q op is bipartite, let Iq denote the sink points and Ii denote 
the source points. Assume that w is contained in J . In [Nakll], Nakajima defined the 
dimensions a Wi(q a )i e i a <z.%. Then we have a Wi = a Wi(l) fori E Iq and a Wj — a Wj(q 3 ) for 
J eh. 

3.2. Generic characters. Let the Fourier-Sato-Deligne transform from rr : F{v,w) — > 
E w to n 1 - : J rJ -(t>,w) — > be denoted by Define the set 

& w = {IC w (v) E &> w \supp*IC w (v) = E*J. 

Recall that ^(IC w (v)) is a perverse sheaf over E^. 

4 More precisely, it follows from [Plalla] that there is a bijection between the generic objects of the 
cluster category associated with our quiver Q and the reduced w above. 
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Definition 3.2.1 (Twisted rank). For any w,w' E 'M Ix ^~ 1 '°\ we define the integer r ww i 
to be 

(30) r w = r{v,w) = (_i)d™cAV(^) rank #(/C») 

if we have w' = w — C q v for some v E N /X ^i such that supp ^{IC w {v )) = E 1 * and zero 
otherwise. 

Notice that IC(0,w) is always contained in S£ w . It follows that r WjW = 1. Furthermore, 
for each fixed w, only finitely many of the r WyW > are nonzero. The matrix (r w>w ') is upper 
unitriangular with respect to the dominance order. 

Remark 3.2.2. Our definition of r w w i is the twisted version of that of [Nakll, 6.1]. 

We define the almost simple pseudo-module L(w) to be the element in the Grothendieck 
group lZ t such that we have 

(31) LH = ^wL(m/)- 

w' 

Denote the truncated gt-characters Xg,t~ (L(w)) by L, y (w). 

Theorem 3.2.3. The truncated qt- characters of the almost simple pseudo-modules in y 
are given by 

(32) h y {w) = J2r dim{Gr ^ w) P t {Gr v a W)Y w - c * v . 

V 

Proof. By the arguments of the proof of [Nakll, Theorem 6.3], for 

h(w)'= rank^IC w (v)L w (v), 

we have 

x q ,t-°(Uw)') = ^r dim(Gr ^ CTW) ^t fc dimi7 fc (Gr^ fJ iy)r"'-^ 1 '' 

v' k 

= J2 Yl rank^IC w (v)a v/ , v , w (t)Y w - c " v '. 

v> v:IC w {v)e& w 

By Theorem 2.4.10 and 2.4.15, for any point x VjW E J\Ao' TCg (v,w) C A4o'(v',w), the 
odd homology of vn' Xv w (v ', w) vanishes. Therefore the contribution of a v . u i{t)IC w {y ) 

to the odd homology is zero, i.e. a v ^(t)t dim ^ (v '' w) - dimMo ' {v '' w) is contained in N[t ±2 ]. 
Also, dimj 7 (f',w) + dimGiv a W = dimj 7 (t>',w) + dim F ± (v', w) — dimE^ is divisible 
by 2. Therefore, by twisting the sign of the term L(w — C q v) appearing in L(it?)' by 
^_^dimA4o*(^,w)^ we o^ain the alternating sums of Betti numbers of the fibre Gr„/ °~W. 

□ 

Denote the possibly non-reductive group 

Aut^M)) x Aut(J w W) by Aut(w). It acts 
on the afline space E* w = Hom^^ 1 ',/^). Let p be any element in E*. By [DF09], the 
space E(p,p) = Hom K br£Qo P \(p, p[l]) describes the normal space of the orbit Aut(w)p in 
EZ,, cf. also [Plalla, Lemma 5.4.6]. Here K b (CQ op ) is the bounded homotopy category of 
injective complexes of (^-representations. 
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Lemma 3.2.4 ([Plalla, Lemma 5.3.6]). If p is a minimal injective resolution ofKerp, 
then we have 

E(p,p) = Hom(kerp, r'kerp), 
where r' is the Auslander-Reiten-translation of the category of CQ op '-modules. 

Lemma 3.2.5. Letp be generic. If the kernel Kerp is a rigid module, then the codimension 
of the orbit Aut(w)p is zero. 

Proof. This lemma is the application of Lemma 5.4.4 [Plalla] to generic maps with rigid 
kernels. □ 

Proposition 3.2.6. 1 ) If M is a rigid module with a minimal injective resolution z* G E w , 
then L(w) = L(w). 

2) If a generic map z* in E* w has a rigid kernel, then h(w) = L(w). 

Proof. Observe that the fibre map n ± : J r± (v,w) — > ££, is Aut(u>)-equivariant. Since the 
Aut(u>)-stabilizer in E^ is connected, if there is an open dense orbit in the affine space E* w , 
then IC(0,w) is the only element in the set 5£ w . The proposition follows from Lemma 
3.2.4 and Lemma 3.2.5. □ 

Proposition 3.2.7. In the notation of Definition 3.1.8, we have a factorization 

(33) h y (w) = h y (^w) ■ L y (fw). 

Proof. This proposition is a direct consequence of Theorem 3.2.3. □ 

3.3. From deformed Grothendieck rings to quantum cluster algebras. In this 
section, we construct Z-linear algebra homomorphisms from the ring of formal power 
series y in which (truncated) gt-characters live to the quantum torus T in which quantum 
cluster algebras live. Detailed proofs of these maps' properties can be found in [Qinl2b], 
where the ice quiver is not restricted to the ^-pattern, and the maps might not be algebra 
homomorphisms. 

As in Section 2.1, let Q be an ice quiver whose principal part Q is acyclic. Using the 
notation of Section 2.3, we define the linear map ind ( ) from the set of finitely supported 
vectors in N /xZ to Z m such that ind(ej ia ), i G /, a G Z, is the vector of coordinates in 
the basis [eiT], 1 < i < m, of the index of the coefficient-free object whose image in the 
cluster category Cq is Tj[— a]. 

Lemma 3.3.1 ([Qinl2b]). We have, for 1 < k < n, 

(34) ind(e fci0 ) = e k , 

(35) ind(e fc _i) = e k+n - e k . 

Lemma 3.3.2 ([Qinl2b]). We have 

(36) md(w-C q v) = md(w) + Bv. 

Define = 2n. Notice that A(ej, Bv) = 0, for any n + 1 < i < N and v G N n . 
Recall that the associated quantum torus is the Laurent polynomial ring 

(37) r=Z[q^][xf,...,x%}, 

together with the twisted product * such that for any g 1 , g 2 G Z , we have 
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It has the bar involution ( ) given by (q^x 9 ) = q ^x 9 . 
Define the coefficient ring to be 

ZP[q ±1 *} = Z[q± k >)[x± +1 ,...,x%). 

Let TjP denote its semi-classical limit under the specialization q^ i— > 1. 

Definition 3.3.3 (Correspondence map). The Z-linear map cor from y to T is given by 

(38) cor{t x Y w ) = q S 2 X x ,nd{w \ 
for any w, and integer X. 

Remark 3.3.4. The map cor is denoted by the composition Hcor in [Qinl2b]. 
Lemma 3.3.5 ([Qinl2b]). We have, for any w % , i = 1, 2, 

(39) cor(Y wl * Y w ' 2 ) = cor(Y wl ) * cor(Y w2 ). 
Let us define 

(40) M T (w)=cor Xq ,t-°(M(w)), 

(41) L r (w) = cor Xq ,t-°(L(w)). 
Explicitly, we have 

M T {w) = Y,PA£(v )W ))q 



| dimM'(v,w) y,\nd(w) ^,Bv 



= J2^((MU0)^ w (v)))x'" d(w) x Sv . 

v 

It follows from definition that the truncated gt-characters of the simple modules are 
given by 

(42) X q ,t-\L{w)) = a vfi -At)Y w ~ CqV ■ 

V 

Since a V fl- w (t) equals a^o^^ -1 ), XqA ) commutes with ( ). 

Proposition 3.3.6 ([Qinl2b]). Fix w 1 and w 2 . If for all i,j G / and a > b G TL, either 
(w 1 )j(a) or (w 2 )j(b) vanishes, then the multiplicative property holds: 

M T (w 2 ) * M T (w 1 ) = q 1 2 £ '(™ 1 ^M T (w 1 + w 2 ). 

Theorem 3.3.7 (Deformed monoidal categorification) . The map Xq,t~° is an algebra 
isomorphism from !Z t to A q . Furthermore, the preimage of any cluster monomial is the 
class of a simple module. 

Proof. Let A q b denote the vector space spanned by the standard basis elements M r ( 



over 7LP\q ±1 z\. By Theorem 2.5.1, it is the image of the injective algebra homomorphism 
Xq,t~°- In particular, it is closed under the involution ( ) and the twisted products (cf. 
[Qinl2b] for another proof). 

By Theorem 3.2.3 and Theorem 2.3.4, A q sub contains all the quantum cluster variables 
and the frozen variables x n+ i, • • • , x 2n - Therefore it is equal to A q . 

The second statement follows from Theorem 3.2.3, Theorem 2.3.4, and Proposition 
3.2.6. □ 
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Definition 3.3.8 (Strong positivity). A cluster algebra is called strongly positive, if it 
has a basis such that the structure constants of the basis are positive and all the cluster 
monomials are contained in the basis. 

Corollary 3.3.9. The quantum cluster algebra A q is strongly positive. 

Proof. The basis {L T {w),w £ J7"} has positive structure constants by Theorem 2.4.18 and 
Theorem 2.5.1. It contains all the cluster monomials by Proposition 3.2.6. □ 

Corollary 3.3.10. ( Quantum positivity) Any quantum cluster monomial m can be written 
as a Laurent polynomial of the quantum cluster variables x i} 1 < i < n, in any given seed 
with coefficients in Nfq^a ,x^ +l , . . . , x^]. 

Proof. By the quantum Laurent phenomenon, we have 

m - 



l2m*=(mi) C ™,* Yll<i<n X i 



where m* = (mj) ig /, d* = (di)i e j are sequences of nonnegative integers and the coefficients 
c m „ are contained in ZPfq^a]. Notice that we use the usual product ■ in this expression. 

The quantum cluster monomial m equals L A {w) for some w. Also, the quantum X- 
variable x^, 1 < % < m, equals L A (wi) for some u>j. We can rewrite the above equation 
as 

c mt L A (J2m t w t ) = Y[L A ( Wi ) di ■ L A (w) 

m*=(mj) i i 

= ? -iA(ind(E i ^),indH) L ^ ( J- rf . w . ) + L A ( 



W . 



The statement follows from Theorem 3.3.7 and (23). □ 

4. A REMINDER ON QUANTUM UNIPOTENT SUBGROUPS 

In this section, we recall the definitions and some properties of quantum groups, the 
dual canonical basis and quantum unipotent subgroups following [Kiml2]. 

4.1. Quantum groups. A root datum is a collection (t), J, P, P v , {aj}j e /, {/tj}j g /, ( , )), 
where 

(1) f) is a finite-dimensional Q- vector space; 

(2) / is a finite index set; 

(3) P C f)* is a lattice (weight lattice); 

(4) P v = Homg(P, Z) is the dual of P with respect to the natural pairing ( , ) : P v cg> 
P^Z; 

(5) ctj, i £ /, belongs to P (simple root); 

(6) hi, i £ I, belongs to P v (simple coroot); 

(7) ( , ) is a Q- valued symmetric bilinear form on [)*, 

such that we have 

(a) (hi, A) = 2(«i, A)/ (ai, a») for i £ / and A £ P; 

(b) the generalized Cartan matrix C, whose entry in position (i,j) is defined as 



a 



(hi,aj) = 2(ai, atj) / (oi, act), 



is symmetrizable; 

(c) for each i £ /, the value (c^, a»)/2 is contained in Z >0 , which we denote by di 
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(d) {ai} i€l is linearly independent. 
The collection (I, f), ( , )) is called a Cartan datum. 

Define the root lattice Q to be the sub-lattice ® ig/ 1>an of P. Let Q± denote ± Yliei Z> a:j. 
F° r £ — ^iei^i a i e wnere & e ^> we define tr(£) = X!ie.z-£»- And we assume that 
there exists w,i E P such that (hi,Wj) = 8ij for any 2,j G /. We call Wi the funda- 
mental weight corresponding to % G J. We say A G P is dominant if (/ij, A) > for any 
j £ I and denote by P + the set of dominant integral weights. Define P = @ ie/ Zxz>i and 

p + = PnP + = ie/ z>otJ7 l . 

We assume that the root datum is always symmetric, i.e. the matrix C is symmetric. 
Then, for all % G /, we have di = d for some d G Z>o- We introduce an indeterminate 
v. For i E I, we set t>j = -y( a *> a *)/ 2d = -y for all i & I. For £ = X^e/^ ^ e we define 
t>g = YlieiiviY* = v^' p ^ d = v tT ^\ where p is the sum of all the fundamental weights. 

Let g be the corresponding Kac-Moody Lie algebra. Let U„(g) be the corresponding 
quantum enveloping algebra which is the Q(v )-algebra generated by {e^, fj}i e i U {v h }heP v 
with the following relations: 

(i) v° = l,v h v h ' = v h+h ', 

(ii) v h eiV~ h = v^ a ^ei,v h fiV- h = v ~^ a ^ f u 

(iii) etfj - fjd = 6ij(ti - t' 1 )/ (vi - v^ 1 ), 

H £ (-l^V?""""*' = £ (-l)*^/^"*' = 0, 

fc=0 fc=0 

where U = v dih \ [n]i = (vf — v^ n )/(vi — v~ l ), [njj = [n]i[n — 1], • • • [l]j for n > and 
[0]! = 1, ef ) = e k J[k]Ul k) = fi/[k]i\ for i G / and fc G Z> . 

Let U+(g) (resp. U„ (g)) denote the Q(v )-subalgebra of U„(g) generated by (resp. 
fi) for i G I. Then we have the triangular decomposition 

U„(g) ~ U-(g) ®q(„) Q(t;)[P v ] ® Q(t0 U+(g), 

where Q(t>)[P v ] is the group algebra over Q(v), i.e., Q(v)v h . For £ = ^Ci^i e Q> 

we set t f = v^^i di ^ h \ We have £ Qi = U. We set U„(g) € := {x G U„(g) | Uxt' 1 = 
v (hi,O x f or a n i ^ /}. We have the following root space decomposition: 

u±(g) = U±(g),. 

Automorphisms o/U„(g). Let — denote the Q-algebra involution — : U„(g) — > U v (g) given 
by 

el = ej, /i = /i, U = w" 1 , w fe = 

Let * denote the Q(t>)-algebra anti-involution *: U v (g) — > U„(g) given by 

*(e,) = e,, *(/«) = f h *(v h ) = v~ h . 

Let V be the Q(t>)-algebra involution V: U„(g) — >■ U„(g) given by 

V(e i ) = V(/0 = e t , V(v h ) = v~ h . 

Let ip be the composite V o *. Then ip is a Q(i> )-linear anti-involution satisfying 
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Let Q be the composition — o V o *. Then Q is a Q-linear anti- involution satisfying 

Q(e t ) = fa Q{fi) = a, Q(v h ) = v~ h , Q{v) = v~\ 

This anti-involution is called by Tp in [GLSlla, Section 6.4]. 

Coproducts and twisted coproducts. We have two coproducts A± on U„(g) (cf. [Kas91, 
Section 1.4]): 



(43a) 
(43b) 
(43c) 



A + (v h ) = v h <g>v h , 
A + (ei) = ti <g) 1 +U <g) e h 
A + (f l ) = f t ®t; 1 + l®f t ; 



(44a) 
(44b) 
(44c) 



A_(ei) = ei®tT l + 
A_(/i) =/ 4 ®l + ti®/ 4 . 



Define the Q(v )-algebra structure on U^(g) ® U^(g) such that we have 

(X! (8) yi)(x 2 ® y 2 ) = i; ±(wt(z2) ' wt(i/l)) x 1 x 2 ® j/ l3/2 , 

for any homogeneous elements Xi,yi (i = 1,2). Let r±: U^(g) — >■ U^(g) <S> U^(g) be the 
Q(v)-algebra homomorphisms such that we have, for any i 6 I, 



r+{ei 
r-Ui. 



fi 



1 + 1 
1 + 1 



u 



They are called the twisted coproducts. The relations between the coproducts A± and the 
twisted coproducts r± are given by the following Lemma. 

Lemma 4.1.1. For any homogeneous element x e U^(g)^ ; we have 



A±(x) 



X(l)t± wt ( X{2) ) <8> X( 2 ), 



where r±(x) = x {\) ® x (2) ■ 

We have the following relation between the twisted coproducts. 
Lemma 4.1.2. We have 

r T o Q = flip o (ft g) f2) o r±, 
where flip(x ®y) = y®x for any x, y e U^(g). 

Proof. We prove the claim by induction. For any homogeneous element x = x'x" such that 
the claim holds for x' and x", that is r T (Q(x')) = Xl^( x (2)) ® ^( x (i)) an d ^=f(^( x ")) = 
f2(x" 2 )) (8)fi(x^), where r±(x') = x',^ <S>xLn, r±(x") = x'^ <8>x'/ 2 ^, we want to check 

the claim for x. Note that r±(x) = Y1Y1 V ^ Xw '^ X{2 ^ x {i) x 'm ® xL^x'Ly Therefore, we 
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have 

r T (Q(x)) = r T (fi(i'x")) 

= r T {Q{x"))r T {Q{x')) 

= EE^ (wt ^ ),wtx ' (2,) °(4))^(4)) ® n«i))n(^ (1) ) 
= (i2® n) (EE w±(wta:&),wta: ' C2)) (4)4)) ® «d4))) 

= flip o (O® 12) o r±(x). 
Hence the assertion holds. □ 

Bilinear forms. For i G /, we define the unique Q(w)-linear map ^r: U^(g) — > U^(g) 
(resp. r 4 : U±(g) -> U±(g)) given by ^(1) = :i r(xf) = 5 itj (resp. r;(l) = 0,n(xf) = 8 iyj ) 
for all i,j G / (x is e or /) and 

(45a) ir(xy) = ,r(x)w + f {wt:c ' ai) x ^(y), 

(45b) n(xy) = v^ ty ^ ] ri (x)y + ar^y) 

for homogeneous x,y G U~(g). 

By Kashiwara [Kas91, §3.4], there exist unique symmetric non-degenerate bilinear forms 
( , )± on U^(g) such that we have 

(xf,xf)± = 5 i:j (x = e or /) 

(1,1) = 1 

(r±(x),y ® z)± = (x, yz) for x, y, z G U±(g). 

Define the dual bar-involutions a± on U^(g) by 

(«r±(x),j/)± = (x,y)± for arbitrary i,t/6 U±(g). 

We often denote cr± by a for simplicity. 

We have the following compatibility properties between Kashiwara's bilinear form ( , )± 
and the anti-involution Q. 

Lemma 4.1.3 ([GLSlla, Lemma 6.1(b)]). Forx,y G U„ (g) ; we /jave 

(x,y)± = (n(ar),n(y)) T . 

4.2. Dual canonical basis. 

Crystal basis. We define Q-subalgebras -4. 5 ^oo an d *A of Q(u) by 

•4. = {/ ^ Q(f); / is regular at v — 0}, 
A» = {/ G Q(v ); / is regular at t> = oo}, 

Lemma 4.2.1 ([Kas91, Lemma 3.4.1], [NaklO]). For x G U~(g) and any i & I, we have 

_ ri(x)ti - tJ~V(ar) 
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The reduced v-analogue & v (q) of a symmetrizable Kac- Moody Lie algebra g is the 
Q(v )-algebra generated by and /j with the n-Boson relations pfj = v~( ai ' a: >> fj (r + o"^- 
for z,j G J and the n-Serre relations for (r and /j for i £ J. Then U~(g) becomes a 
^(g^module by Lemma 4.2.1. 

By the r-Boson relation, any element x G U~(g) can be uniquely written as x = 
^2n>o fl^ 00 ™ with ir(x n ) = for any n > 0. So we define Kashiwara's modified root 
operators /, and e"j by 

n>l 
n>0 

By using these operators, Kashiwara introduced the crystal basis (jSf (oo), <S^(oo)) of 
U-(fl): 

Theorem 4.2.2 ([Kas91]). We de/ine 

38((x) = {f h ■■■fi l l modn^(oo);/ > 0,i u i 2 ,--- ,ii G 1} C Jgf(oo)/uJSf(oo). 

Taen we aai>e £/ie following: 

(1) Jzf (oo) a /ree Ao-module with Q(v) Cg>.4 Jzf(oo) = U~(g); 

(2) eiJgf(oo) C Jgf(oo) and ^JSf(oo) C -£f (co); 

(3) ^(oo) zs aQ-basis ofSf(oo)/v& (oo); 

(4) ^(oo) -»■ ^(oo) and ^(oo) -»■ ^(oo) U {0}; 

(5) For 6 G e^(oo) wift e"j(6) 7^ 0, we /iave /je^fe = 6. 

We call («5f (00), «£^(oo)) the (lower) crystal basis of U~(g), and jSf(oo) the (lower) 
crystal lattice. We denote 1 mod rJzf (00) G ^(00) by n^ hereafter. For b G ^(00), we set 
£i(b) = max{n G Z> ;e™6 ^ 0} < 00, and gf ax (6) = G ^(00). 

Canonical basis. Let : Q(r) — >■ Q(f ) be the Q-algebra involution sending v to v . Let 
1/ be a vector space over Q(v), ££q be an ^4. -submodule of V, be an ^4oo-submodule 
of V, and V_a be an .4-submodule of V. We define £ = J5f H Jzfoo H V4. 

Definition 4.2.3. VFe say that a triple («5f 0) -^oo> Va) ^ s balanced if each jS?q, JS^o, and 
V4 generates V as Q(i>) -vector space and if one of the following equivalent conditions is 
satisfied 

(1) E — > JZq/vJZo is an isomorphism, 

(2) E — > Jf^ 1 'v~ x J2?oo an isomorphism, 

(3) (J2? H V4) © (n^Jzfoo fl Vj) — > V4 zs an isomorphism, 

(4) A ®q F -> ^f , ^4oo Cg>Q i? — >■ Vd, and Q(n) ® Q £ -> V are 
isomorphisms. 

Let U~(g)^ be the .4-subalgebra generated by {/^lie^n^i- This is called Kostant- 
Lusztig ^4-form. 

Theorem 4.2.4 ([Kas91, Theorem 6]). The triple (J*f (00), .if (00), U~(g)^) is balanced. 



26 



YOSHIYUKI KIMURA AND FAN QIN 



Let G low : JSf(oo)/vJS?(oo) ->■ E = J&?(oo) fl Jgf(oo) fl U;(g)^ be the inverse of the 
isomorphism E ^ 3*?(oo)/v3? (oo). Then B 1 ™ := {G low (6); 6 G ^(oo)} forms an Abasis 
of U~(g)^4. This basis is called the canonical basis of U~(g). 

We define the dual canonical basis B" p of U~(g) as the dual basis of B under Kashi- 
wara's bilinear form ( , )_. 

Proposition 4.2.5. We set 



Then (Jzf (oo), cr(J2? (oo)), U„ (g)^ p ) is a balanced triple for the dual canonical basis B 
Here we have the following isomorphism of Q-vector spaces: 



Denote its inverse by G up . Then we have B" p = G up (^(oo)), cf. [Kiml2, Theorem 4.26]. 
Then the dual canonical basis B" p of U+(g) is defined to be f2(B" p ). Notice that the dual 
canonical bases are dual bar- involution invariant (<j±-invariant). 

4.3. Quantum unipotent subgroup. Let W be the Weyl group associated with the 
given root datum and S; the reflection associated with the root ati, 1 < % < n. Let I: W — > 
Z> denote the natural length function on W. For any given group element w G W, we 
denote by R(w) the set of reduced words of w. Define = {a G $+; w~ x a G $-}■ 

Following [Lus93, 37.1.3], we define the Q(t>)-algebra automorphisms 5 T^. U g (g) — > 
U 5 (g) for i E I by 



U-(fl) 



up _ 
A — 



{x G U v (b);(x,U v (g)^)_ c A}. 



JSf(oo) n <r(JS?(oo)) n U;(g)J ^ JSf(oo)/vJ&?(oo). 



(46a) 




Si (ft) 



(46b) 
(46c) 

(46d) 



Ti(ei) 
Ti(fi) 






r+s=-{hi,otj) 



(46e) 





r+s=—{hi,aj) 




it) G i?(w). 



Example 4.3.1. Let the Cartan matrix C be given by 




5 This automorphism is denoted by T[ 



in [Lus93, 37.1.3] and this is denoted by T i 1 in [Kiml2]. 
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Take the Coxeter element c = S3S2S1. Take w = c 2 and choose the reduced word w = 
(3, 2, 1, 3, 2, 1) G R(w) . Then we have 

Pi = «3, 

f3 2 = a 2 + «3, 
/?3 = oci + a 3 , 

/?4 = OLi + a 2 + «3, 

/3 6 = a 2 . 

Define the lexicographic order <^ on Z> associated with ~w G -R(w) by 

c = (ci, c 2 , • • • , ci) <^ c' = (q, c 2 , • • • , c' t ) 

if and only if there exists 1 < p < £ such that we have C\ — c' x , • ■ ■ , c p _i = d x , c p < c' 
Following Lusztig, for any non-negative integer m and any vector c G N e , we denote 

F{mP k )=T ll ...T lk Ut\ 

E( m p k )=T il --.T ih (e% ) ). 

F(c, ^) = FictfoFict-xPt-d ■ ■ ■ F^), 

E(c, ^) = EidPjEicM ■ ■ ■ £(qA). 

Let XJ~(w) and U+(u>) be the Q(t>)-subspace of U~(g) and U+(g) spanned by 

^ = {F(c,^) |cGZi }. 

and {-E(c, to) | c G Z> } respectively. Lusztig has shown that the space U~(w) is inde- 
pendent of the choice of the reduced word w G R(w). As a consequence of Levendorskii- 
Soibelman's formula, it can be shown that the subspace U~(w) is the Q(w)-subalgebra 
generated by {F(/3 fc )}i< fc <^. (c/. [LS90, 2.4.2 Proposition Theorem b)] and [DCKP95, 2.2 
Proposition].) 

Remark 4.3.2. By its construction, U^(u>) can be considered as a quantum analogue of 
the universal enveloping algebra of the nilpotent Lie algebra n±(w) = @± ae <s> ( w ) da- 

For any c G Z> , we set 

F up (c, 1$) = j— . l — , F(c, 

1 ; (E(c,U),E(c,U)) + K > 
Define the Q[w ±1 ]-form U~(w)^ [v±1] of U~(w) by 

U;(»); ±1] = Qiv^F^c,^). 

( w )q[u±i] * s defined similarly. 
By the Levendorskii-Soibelman formula [Kiml2, Theorem 4.24] with respect to the set 
= {F(c,^)|c G Z| }, U-(w)^ [v±1] is a Qf^J-subalgebra generated by {F u P(/3 fc )}i< fc <£. 
We also obtain the following upper unitriangular property of dual bar involution cr_ with 
respect to by the Levendorskii-Soibelman formula. 
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Proposition 4.3.3 ([Kiml2, Proposition 4.25]). We have 

a(F up (c, ~vt)) — F up (c, ut) G ^ Q[« ±1 ]F up (c / , T#). 

c'<^c 

Proposition 4.3.4 ([Kiml2, Theorem 4.26]). We /iai>e i/je following upper unitriangular 
property: 

G up {b{c, - F up (c, ^) G vZ[v]F up {c', vf). 

c'<c 

Remark 4.3.5. In [Kiml2, Theorem 4.26], we stated a slightly weaker statement about 
the coefficient in the right hand side. But we have the integrality property [Kas91, 6.1] 
and [Lus93, Proposition 41.1.3], so we get the result in the above form. 

Via the identifications of the dual canonical bases B± p with the G up (j3§(oo)), the cor- 
responding dual canonical basis elements are denoted by B±(c,~w) respectively. 
We have the following properties between Q and T ij€ on U„(jj). 

Lemma 4.3.6 ([GLSlla, Lemma 7.2]). We have T i>e oQ — Qo T i>e . 

Lemma 4.3.7. We have Q(F np (c,T$)) = E up (c,T$). 

Proof. Applying the anti-automorphism Q, we obtain 

ft(F up (c, ^)) = ft(F up (c,/3,) • • • F up (ci/3i)) 

= Q(F up (c 1 f3 1 ))---Q(F up (c e f3 e )) 

= E up (c 1 /3 1 )---E up (c £ /3 £ ). 

□ 

As a consequence, we obtain the following property. 
Proposition 4.3.8 ([GLSlla, Proposition 12.8]). We have 

Bl p (c, ul") G E up (c, + v- l, L[v- l }E up (c\ t£). 

c'<c 

4.4. Compatibility. For b\,b 2 G 3&{po\ we say b\ and b 2 (or G up (bi) and G up (b 2 )) are 
multiplicative or compatible if there exists a unique element in «£^(oo), which we denote 
by 6i © 6 a , such that G up (6i © 6 2 ) equals v N G ap (b 1 )G ap {b 2 ) for some JVeZ. By [Kiml2, 
Corollary 3.8], this condition is independent of the order on b\ and b 2 . We write biU> 2 
when this holds. 

5. T-SYSTEM IN QUANTUM UNIPOTENT SUBGROUP 

5.1. Quantum coordinate ring. Following Kashiwara [Kas93b, §7] and GeiB-Leclerc- 
Schroer [GLSlla, §2], we define the quantum coordinate ring A v (g) as the subspace of 
Hom(Uj,(0), Q(f )) consisting of the linear forms ip such that the left module XJ v (q)iP 
belongs to Cmt(s) and the right module i[)XJ v (g) belong to Oint(fl op )- Its multiplication is 
chosen to be the transpose of one of the coproducts A±. 

For any A G P+, let V(A) and V(\) r denote the left irreducible highest weight module 
and the right irreducible highest weight module respectively with highest weight A. The 
highest weight vectors are denoted by m\ and n\ respectively. Let ( , )\: V (A) r ©V (A) — > 
Q(y ) be the bilinear form which is characterized by (n\, m\)\ = 1 and (n, xm)\ = (nx, m) 
for n G V(\) r , m G V(A) and x G XJ v (q)- We also have the bilinear form ( , ) A : V(X) © 
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V(A) Q(v) which is characterized by (m x ,m x ) x = 1 and (m,xm')\ = (<p(x)m,m r ) x for 
x G U v (g) and m,m' G V(A). 

The following is a f-analogue of the Peter- Weyl decomposition theorem for the strongly 
regular functions on the Kac- Moody group G m i n in the sense of Kac- Peterson. 

Proposition 5.1.1 ([Kas93b, Proposition 7.2.2], [GLSlla, Proposition 2.1]). Let $ A : V(X) 1 
V(X) — > A v (g) defined by 

($ A (n ®m),x) = (n, xm) x (n G V(X) r , m G V(X),x G ~U v (q)) 

Then $ = AeP+ $a : 0AeP+ V(X) r ® V(X) — > A v (g) gives an isomorphism of\J v (g)- 
bimodules. 

5.2. Quantum T-systems for quantum minors. Following [BZ05, Section 9.3], we 
define the f-analogue A A of a principal minor as : 

(A\x) = (n x ,xm x ) Vx G V v (g), X G P+. 

By its definition, we have (A x ,yv h x) = e(x)v^ X} e(y) for x G U+(fj),y G U~(g),h G 
P v , where e: ~U v (d) Q(v) is the counit. 

For w E W and A G P+, let us denote by m w \ the (dual) canonical basis element of 
weight wX. We have the following description: 

m wX — hi ' " h e m A> 

where (z'i,Z2, • • • , ig) £ -R(w) and = (s^ • • • Si k+1 (hi k ), A) (1 < k < £). It is known that 
m wX does not depend on the choice of a reduced word (z'i, • • • , if) G R(w). Similarly we 
define n wA by n wX = n x e\ a e e) ■ ■ ■ e^ l} . 

For Wi,w 2 G W and A G P + , we define the (generalized) quantum minor A WlXjW2X 
associated with (wiX, w 2 X) by 

A WlA ,u, 2 A = $\{n WlX ® m TO2A ). 
By construction, we have A toiA|TO2 a G A,(b) TOiA)W2 a and 

= (m Ml A, a;m^ 2 A)A = (y?(x)m„, lA , ^«, 2 a)a 

for x G U„(0). 

Denote 7, = ccj, + SjO/j G P + . 

Proposition 5.2.1 ([GLSlla, Proposition 3.2]). (1) Fori G /, we have 

(2) Por Wi,w 2 G and i E I with t(w\si) = £(wi) + 1 and £(w 2 Sj) = ^(102) + 1 ; we 
/iaf e 

^W17i,W27z ^WlSiZUi,W2SiZUi^WlZUi,W2'Cui ^ ^WlSiZ&i ,W2ZUi ^W±ZUi ,W2SiZUi 

A w , iro ^ u , 2 roi^u;iSiro2,u'2SjCTi / ^i^wiSi / cji^W2^0i^wizui^W2SiZJi t 

We note that this relation does not depend on a choice of coproduct A + or A_. 
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5.3. Quantum T-systems for unipotent quantum minors. Let A v (n±) be the graded 
dual of U^(fl) with respect to Kashiwara's bilinear form. We define the product r± : A v (ti±)<8q( v ) 
A v (n±) A v (n±) by 

(r±(V>i <g> x) = (if)! g> ip 2 , r±(x)) . 

Let p± : A v (g) - > Ay(n±) be the restriction linear homomorphism which is defined by 

(p±f»,z) = faM) for » G U±(fO- 

We have the following twisting formula: 

Lemma 5.3.1. Let ip\ G A v (q) 1/1)I11 and ip2 G Aj(fl)i/ 2 ,/i 2 - ^/ien we /iawe 
(47) P±(Ai(V>i ® ^2)) = ^ ±(l/2 -^' w) ri(p ± (^i) ® p±(^ 2 )). 

Proof. This can be proved by the following straightforward calculation. 
(A^i <g> ^ 2 ), x) = (Vx ® ^2, A±(x)> (z G U±( )) 

= X^ 1 ® X (l)*±Wt(iT ( 2 ) ) ® X (2) 

= X ((^wt^))^) ® ^2,^(1) ® X(2) 

= v M"2-fi2,ixi) (j-^fa (g) ^ 2 ) ; ^ (because wt x (2 ) + p 2 = 2^2) • 

□ 

Let V± : A>(n±) — ^ U^(fl) be the Q(t>)- linear isomorphism defined by (ip±(f),x)± = 
(f,x). It can be shown that ip± are Q(t>)- algebra isomorphisms which intertwine r* ± and 
the usual product of U^(fl). For any given w G W, the associated quantum coordinate 
ring A v (n+(w)) is defined to be the subalgebra (^ + ) -1 ('LL+(ii7)) of A v (ti+). 

Unipotent quantum minors. 

Definition 5.3.2. We define the quantum unipotent minor -D^ lAw)aA on U^(g) by the 
following formula. 

where m wi \ (resp. m W2 \) is the extremal weight vector of weight wiX (resp. w 2 X). 
Remark 5.3.3. We have D± w = V±P±(A± W ). 

By construction we have o" ± -D^ lAtU2A = Xw2X . We also have, for any x G U~(g), 



= (AU,™2A^<») + = (^iA,^(x)^ 2 a)a 

= (xM Wi A,M»; 2 a)a = (UtoaA, 2*W0A = P^A^A' 

Since the opposite Demazure module V W (X) = \J„ (g)m w \ is compatible with the canon- 
ical basis (see [Kas93a, Proposition 4.1 (i)]) and m w \ is also a dual canonical basis element, 
we have D~ iX x G B^ p U {0}. It follows that x x is contained in B+ p U {0} 

Fix W\,w 2 G W and i G J with £(vjjSi) = £(wj) + 1. The following just follows from 
Lemma 5.3.1. 

Lemma 5.3.4. We have 

' ? /'+P+(A_|_(A u , lSiroiiU , 2Siroi eg) A Win7ijTO2Wi )) — t> D wiSiZUi ^ W2SiU:ii D, 



V ; +P+(A + (A u , lSiro . jU , 2roi (x) A Wirojim2Sjro! )) — f D w ^ Sim . W2m .D 



D + 
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where 

A = {W\Wi - W 2 'CCIi,W2Si'CU i ), 

B = (wiWi - w 2 s i w i) w 2 tui). 

Lusztig's parametrization. Fix w G W with £(w) = £ and a reduced word w = (ix, . . . , it) G 
R(w). For 1 < a < b < £ with i a = i b = i, we define the vector c[a, b] G Z> by 

c[a,b] k 



1 if a < k < b and i k = i a = if,, 
otherwise, 



Z X " b 5 1 



for 1 < k < £. By convention, we define c[0, 0] = 0, c[0, b] = c[l, b] if 6 > 1, and c[a, 6] = 
if a > 6. We set wt[o,6] = - wt G up (c[a, 6], ^) = £ a < fe < 6 with i a =i k =i h For 1 < k < £, 
we have wt[fc min , k] = w ik - s h ■ ■ ■ s ik w ik . 

As in [GLSllb, Section 13], for any 1 < k < £ and j G /, we define 

(48) k{j) = #{l<s<k-l;i,=j}, 

(49) k min = min{l < s < £; i s = i k }, 

(50) k max = max{l < s < £; i s = i k }, 

(51) kr = max{{l < s < k - 1; i s = i k } U {0}}, 

(52) k + = min{{k + 1 < s < £; i s = i k } U {£ + 1}}. 
Proposition 5.3.5. For 1 < a < b < £ with i a = % = i, we have 

(53) G^(c[a,b],^) = D^___ s 

(54) = D s 

Proof. For a reduced word (i a , ■ ■ • , ib) of Si a . . . Si b , we have 

GW( C [1, b - a + 1], (i tt> • • • , z 6 )) = D- a ... SibW 

by [Kiml2, Proposition 6.3]. 

By applying [Kiml2, Theorem 4.20] (see also [GLSlla, Proposition 7.1]), we get the 
result. □ 

Remark 5.3.6. It follows that £>+ p (c[a, b], T$) equals D+^_ s . Wi)Sil -si b vai> which is de- 
noted by D(a~,b) in [GLSlla]. 

Proposition 5.3.7 ([Kiml2, Theorem 6.20]). {G up {c[k min , k}]u!)} i<k<e forms a strongly 
compatible family. 

T-system. 

Proposition 5.3.8. For any i G / and any Wi,w 2 G W such that l{uijSi) = l(wj) + 1 for 
j = 1 and 2, we have 

(551 v A D + D + =ir 1+B D + D + _i_ n- 

Proof. The statement follows from Proposition 5.2.1 and Lemma 5.3.4. □ 

Proposition 5.3.9 ([GLSlla, Proposition 5.5]). For any i G / and any 1 < a < b < I 

with i a = i b = i, we have 

v A Bl P (c[a, 6], ^)fi+ p (c[a-, &~], ^) 
(56) = v -i + B B n P{c[a ^ r]; ^ )s u P(c[a _ ; b] ^ ) + B u P{ _ Cij c[a-(j), b-(j)], 
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Remark 5.3.10. It follows from [Kiml2, Theorem 4.24] that the last term in (56) can 
be rewritten as 

for some specific power C. Let us denote P+ P (c[a, b], by D + [a, b]. Then we obtain 
v A D + [a, b]D + [a-, b~] = V - 1+B D + [a, b-]D + [a~, b] + q c \\ D + {a~(j), b~ {j)]'^ ■ 

Example 5.3.11 ([HL11, Example 6.2]). Let the root datum be given as in Example 4-3.1. 
Then we have 

v~ x D[4,4]D[l,l] = u _1 D[l,4]+D[2,2]D[3,3], 
D[5, 5]D[2, 2] = v~ x D[2, 5] + D[4, 4], 
D[6, 6]D[3, 3] = v~ l D$, 6] + D[4, 4]. 

6. Twisted t- analogue of ^-characters 

In this section, we introduce new quantizations and define a twisted t-analogue of q- 
characters Xq,ti which are slightly different from those used in Section 3. 

Remark 6.0.12. In fact, our xft ^ s a t-analogue of the q-character defined for the finite 
dimensional representations of the quantum loop algebra U q (Lg), where g is any skew- 
symmetric Kac-Moody Lie algebra. It should be compared with the character introduced 
by [Her04], which is defined for the case where g is a simple Lie algebra. 

6.1. A new bilinear form. Let r denote the Auslander-Reiten translation of the de- 
rived category D b (CQ — mod). It induces an automorphism of the Grothendieck group 
K (D b (CQ — mod)) which is denoted by c. 

For any object M of D b (CQ — mod), let [M] denote its class in the Grothendieck group. 
We identify the root lattice Q = ©ig/Zoj with the Grothendieck group K Q (D b (CQ — mod)) 
by sending the simple root ati to [Si] the class of the z-th simple module Si, for all i G I. 
Notice that {(%i,i G 1} is a Z-basis of the Grothendieck group. For any i E I, denote the 
injective CQ-module with the socle Si by /j and the projective CQ-module with the top 
Si by Pi, . 

Let (3 be the linear map from N /xZ to K (D b (CQ — mod)) such that 

(3(w) = Y J Ma)*[r a U-l]]- 

(i,a) 

In particular we have /3(e;(0)) = [/<[— 1]] = [tP;], /3(e,(-l)) = [Pi]. 

Lemma 6.1.1. For any v G N /x ( z +f) ; we have (3(C q v) = 0. 

Let ( , ) denote the Euler form on K (D b (CQ — mod)). 

Lemma 6.1.2. For any pairs (k,a), (k',b) inlxZ, ek'(b)-C~ 1 (ek(a)) equals {[r b ~^Pk>], [r a Pi 
ifb>a + \ and vanishes if not. 

Proof. Take the vector v = (tv(&)), such that v k /(b) = ([r b ~ a ~^ P k >], [P fc ]) if b > a + \ and 
Vk'(b) = if b < a + 7;. We want to show C q v = efc(a). Fix any j G I. 
First, ej(d) ■ C q {v) is zero for any d < a. 
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Second, we have 
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ej(a) ■ C q {v) = Vj(a + ^) - ^ b ijVj {a + -) 

i:i<j 



i:i<j 

= $kj- 

Finally, for any b > a + \, we use exact triangles in D b (CQ — mod) to obtain the 
following result. 

e# " \) ■ C q (v) = Vj (b - 1) - J2 b Mb - 1) + Vj(b) - J^ bijVjib) 

l:l>j i:i<j 
l:l>j 

+ ([r^Pj], P k \) - b^T^Pl h\) 

i:i<j 

l:l>j i:i<j 

= 0. 

□ 

Recall that we have 

S'(w\w 2 ) = - w i[h . czW + w 2 [\] ■ crV. 



Let us define a new bilinear form Af( , ) on W xZ such that for any w 1 , w 2 in N /xZ , we 
have 

N{w\ w 2 ) = w\\] ■ C" V - w\-\] ■ C q l w 2 - w 2 [\] ■ C-W + w 2 [- 1 -} ■ C~ V. 
Clearly, we have J\f(w 1 ,w 2 ) = — A/"(u> 2 , W 1 ). 

Define a symmetric bilinear form ( , ) on K (D b (CQ — mod)) such that for any x, y G 
K (D b (CQ — mod)), (x,y) = {x,y} + (y,x). Notice that {x,cy} = —(y,x). Further define 
( , ) a to be the anti-symmetrized Euler form such that we have (x,y) a = (x,y) — (y,x). 

Lemma 6.1.3. Given any integer d > 1 and any i,j G /, we have 



^(e i (0), ej -(d)) = ( j 9( ei (0)), j 9(e i (d))), 
^(e,(0),e,(rf)) = (c" 1 /3(e,(rf)),/3(e i (0))). 
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Proof. We have 

M{eMMd)) =Ci(0)[i] • C^ejid) - e,(0)[-i] • C^d) 

~ zAd)[\\ ■ C-'em + e 3 {d)[-\\ ■ C^O) 
=0 + 0-([r d -'P ] ],[P l ]) + ([r d P J ],[P t ]) 

=0 + 0-(c d - 1 [P J ],[m + (c d [P J ],[m 

= (c d c{Pjlc{m 

= (/3(e J (rf)),/3(e,(0))). 

Similarly, we have 

S'(e t (0), e 3 (d)) = - 2e,(0)[i] • C^d) + ^(d)^] ■ C^O) 

=2<[T d - 1 P J -],[P 4 ]> 
=2(c- 1 /3(e J (d)),e,(0)) 



□ 

Similarly, we have the following result. 

Lemma 6.1.4. The following equations hold: 

Ar{e i (0),e j {0)) = (P j ,P i )-(P i ,P j ), 
£'(<*(()), e,(0)) = 0, 
AT(e,(0),e J (-l)) = ([P],[P J ]-c- 1 [P J ]). 

Lemma 6.1.5. T7ie difference between the quadratic forms M and —2S' is the anti- 
symmetrized Euler form, i.e. N + IE' = ( , )„. 

Proof. It suffices to check the statements for the unit vectors ej(a), (i, a) G I x Z. □ 

6.2. A new quantization of the cluster algebras. Define the 2n x 2n matrix L whose 
entries are given by, for any i,j G I, 

Lij = JV(ei(0), e 3 -(0)) = (P^P) - (P^P,), 
Li,j+n = JV(ei(0), e,(0) + e^-l)) = (P,-, P> - (P, r^P,), 
= A/"(ei(0) + ei(-l), e^O)), 
L i+nJ+n = Af(e,(0) + ei(-l), e,(0) + e^-l)). 



It is easy to check that L is skew-symmetric and L i+n j +n equals Ljj+ n — Lj t i+. 
Let B be given as in Section 3. 



Proposition 6.2.1. We have L(—B) = 
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Proof. For 1 < I, k < n, we have 

(LB)ik = E Lubik + E Lij(—b k j) — L[ )k + n + E b k jLij +n 

i:i<k j'-j>k j'-j>k 

=((J2 b ik Pi, Pi) - (Pi, E b ^)) + «- E m** ^> - - E 

+ ((-P fe ,P>, (P^P,)) + ((J2h 3 P 3 ,Pi) + (P^-E^" 1 ^)) 

i j 

=(E - ^ p i) + ( p ii - E b * p * + E 6 *i^- + r ~ lpk - E ^ r_1 ^> 

» i 3 j 

=(E 6 <* p < - p ^ p i) + -h + E 6 *i p i)> 

» 3 

where we use exact triangles in the last equality. If I — k, the entry equals —2. Else, it 
becomes 

(E b * p » p i) + ( p u E b "j p j) - ( p *> p i) + p u p k)) 

i<k j>k 

= ^2puhk + E bk jPj l ~~ (P lk + p«) = °- 

i<k j>k 

Similarly, we can compute (LB)i +n>k : 

{LB)i +n>k = Li +rit ibi k + Li +n j(—b k j) — Li +rijk+n + b k jLi +Tlj j +n 

i:i<k j-j>k j-j>k 

— ^ ] Li +Tlt ibi k + ^ ^ Li +n> j(—b k j) — Li +n>k+n 

i:i<k j-j>k 

+ E Vj(P«j+n + U+n,j) 
j:j>k 

— Li + n ti bi k — Li +n<k+n + b k jLij +n 

i:i<k j-j>k 

= - (P, ^ 6, fc P) + 6 ifc Pi, r^P) 

- ((P fc , P) - (P, r- 1 ^) - (P, P k ) + (P fe , r^P)) 

+ (Y, M*i» p i) ~ ( p u E h^Pj) 
j j 

= (P, - ^ bikPi + r~ l P k + Pfe - E h *i T ~ lp j) 

i<k j>k 

+ (E b ^ - r ~ lp x - p « + E ^ r_1 ^' r ^> = °- 



□ 
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Example 6.2.2. Let the quiver Q and the ice quiver Q\ be given by Figure 
respectively. The associated B-matrix is 



and 9 



We have the matrices 
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It is easy to check that L ■ (-B) 
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Figure 8. A quiver Q of type A 3 




Figure 9. A level 1 ice quiver with ^-pattern of A3- type principal part 
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Let us define the involution £ : / — y I such that = n + 1 — i for any 1 < i < n. For 
1 < i < n, define 

(57) A := c-\0(e €(i) (O)), := cT^e^-l)). 
These notations are justified by the following example. 

Example 6.2.3. Assume we are given the root datum and choose the Weyl group element 
w = c 2 as in Example 4-3.1, where we have obtained the positive roots Pj, 1 < j < 6. Let 
the quiver Q be given as in Example 6.2.2. Then we have, for 1 < i < 3, c _1 /3(ej(0)) = 
[Pi] = %), c- x P{ei{-\)) = [r- 1 ^] = % )+3 . 

Let L be the 2n x 2n skew-symmetric matrix defined in [GLSlla, (10.2)]. By [GLSlla, 
Proposition 9.5], it is uniquely determined by the following conditions: for any 1 < j < 

i < n, 

Lij = (Pi, Pj), 

Li+n,j — (Pi, Pj) + (Pi+ n ,Pj), 
Li+n,j+n = (Pi, Pj) + (Pi+n, Pj+n) + (Pi+n, Pj) ~ (Pj+n, Pi)- 

Lemma 6.2.4. For alH,j G I, we have Ly = L^^, L i+nJ = L^ +n ^(j), L iJ+n = 

L£(i),£(j)+n> Li +n j +n = L^u) +n ^(j\ +n . Namely, we can identify L with L by permuting the 
indices. 

Proof. It suffices to consider the case i > j. Recall that we have 

Af(e i (0),e j (0)) = (P(e i (0)),P(e j (0)), 

M(e i (-l),e j (0)) = (P(e i (-l),P(e j (0)), 
M(e i (Q),e j (-l)) = ~N(e 3 (-l),em) = -(/3(e,(-l), /3(e,(0)). 
Straightforward computation verifies the statement. □ 

6.3. New i-deformations of Grothendieck rings and characters. We modify the 
multiplication eg) of !Z t ®i[t±] Z^a] such that (23) is replaced by 

L(w l ) ® L(w 2 ) = (^)^ 2 )-^ 1 )>^^ 2 (t- 1 )L( W 3 ) 

and denote this modified version of 1Z t <8>z[t±] Z^z] by 1C i. Similarly, we modify the 
twisted multiplication * of y ®m±] Z^a] such that (26) is replaced by 

(58) m 1 *m 2 = t^ ml ' m ^m x m 2 . 
and denote this modified version of y <S>z[t±] Zft 1 * 1 ^] by y H i . 

In analogy to Xq,t( ), we define the Zft^-linear map Xq,t( ) fr° m to y H i such that 
for all w G N /xZ , we have 

(59) xlMw)) = ^(^(O), K w (v))t d ™ M *^Y w - c «\ 

V 

The map Xq,t( ) is called the twisted t-analogue of q- characters. Its truncation Xq,t~°( ) ls 
defined similarly. 

Theorem 6.3.1. xft( ) ^ s an injective algebra homomorphism from JC^i to y H x . 



:i8 
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Proof. By Lemma 6.1.5, equation (58), which defines the twisted product of y*[ , can be 
written as 

Then the statement can be easily deduced from Theorem 2.5.1 (cf. the correction technique 
in [Qinl2b]). □ 



7. Dual canonical basis 

Let (B,L) be given as in Section 6. Consider the quantum cluster algebra Aq LS whose 
initial compatible pair is chosen to be (B,L). It is a subalgebra of the quantum torus 
T(L). 

For any linear combination ^f^c^, dj G Z, we define its degree deg(^ i diai) to be 
Ylidi- Define the quadratic function N( ) : W xZ — > Z such that for any u> G N /xZ , we 
have 

N(w) = (P(w), 0(w)) + deg c" 1 /?^). 

By abuse of notation, let cor denote the Z-linear map from y*{ to T(L) such that we 
have 

(60) cor(^r M ) = q^x md(w) 

for any w and any integer A. The arguments of Section 3.3 (or [Qinl2b]) imply that cor 
is an algebra homomorphism. 

Denote the image Xq^i^ \) by A q . For any w, denote corxf )t -° (M(w)) by M A (w), 
cor X q/° (L(w)) by L A (w), and corx^-°(L(w)) by L A (w). Then {M A (w)} } {L A (w)}, 
{L A (w)} are three homogeneous bases of the K (D b (CQ — mod)-graded algebra A q . 

Proposition 7.0.2. {L A (w)} and {L (w)} contain all the quantum cluster monomials. 

Proof. The statement follows from Theorem 3.3.7 and the existence of quantum F-polynomials 
(cf. [Trail] or the correction technique in [Qinl2b]). □ 

Therefore, A q is the subalgebra of Aq LS generated by all the quantum cluster variables 
and the frozen variables x n+ i, • • • , x 2n - So we also call A q a quantum cluster algebra. 

Notice that the structure constants of either M A or L A take values in Zfg 1 * 1 ], since the 
map cor sends t to q. Also, the non-diagonal entries of the transition matrix between 
them takes values in qZ[q], 

In order to be in accordance with the usual convention in constructing PBW basis (and 
transition matrix in g _1 Z[g -1 ]), we modify the bases {M A (w)} and {L A (w)} by intro- 
ducing W A (w) = q ~hW w )^ w ))M A (w), and lA(w) = g-^H^W) L A (w). The elements 

M A (ei{a)) = L A (ei(a)), i G I, a G {0, -1}, are called the dual PBW generators of A q . 

We follow the convention of Section 4 (and thus of [GLSlla]). Choose the Coxeter 
element c to be Sf(i)Sf(2) • • • s £(n)- 

Denote A = Q^]. The image ip + \]^(c 2 ) u J is called the integral form of A v (n(c 2 )), 
which we denote by A^(n(c 2 )). This is an A-algebra. Denote the A-algebra A q <8>z[«±] A 
by A q A . 
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Proposition 7.0.3. There is a Ko(D b (CQ — mod))- graded algebra isomorphism k, from 
A q A to A A (n(c 2 )), which sends M A (w) to the dual PBW basis element E np (cT 1 (w)) . 

Proof. As in [GLSlla, Proposition 12.1], we want to compare the T-systems in both 
algebras. In A A (n(c 2 )), we have, for any k E J, 

v A Bl P (c[£(k) + nm + n)M)B?(c[ak),ak)}, t*) = v~ 1+B B^(kU{k) + n},^) 

i<k j>k 

where A = (/i(£(/c) + n, k), Wk — (i(£(k), k)), B = (fi(£(k), k),mk — + n, k)), and we 

denote fj,(d, i) = ■ ■ ■ s id zui for any d EN, cf. [GLSlla, Proposition 5.5]. 

Notice that the PBW generators B^(c[a, b],v$) of A A (n(c 2 )), 1 < a < b < 2n, i a = i b , 
satisfy the T-systems in Proposition 5.3.9. Further using Remark 5.3.10, we deduce 
that A A {n{c 2 )) is contained in the algebra T' which is generated by I?+ P (c[£(z), £(*)], v$), 
-B+ P (c[^(i), £(z) + n], -u^), i E I, and their inverses. 

It follows from Proposition 5.3.7 and the definition of L that there is an algebra iso- 
morphism k from the quantum torus 7z[„±iA to T' such that we have 

K( J B7(c[^),^)],^)) = L^(e l (0)), 
«(By(c[e(<), iii) + n], It}) = ^(-1) + e,(0)). 

We refer the reader to [GLSlla, Proposition 11.5] for a detailed examination of k for 
general w. 

Notice that for any i,j E I, 1 < r < 2n, we have (m^atj) = 8y, (zui, /%»)) = 1, 

2. 

From now on, fix any k E I. We compute {wk, 0£(k)+n) as 

(zU k , f3^k)+ n ) — (SkSk+l ■ ■ ■ S n ZU k , Sk-lSk-2 " " " SiS n S n _i • • • S k+ iOtk) 

= (w k - a k , Sk-iSk-2 ■ ■ ■ Sis n s n -i ■ ■ ■ Sk+iOLk) 

= (pJki Sk-lSk-2 ■ ■ ■ SlS n S n _i ■ ■ ■ Sk+lOlk) 

- (afe, Sk-iSk-2 ■ ■ ■ sis n s n _i • • • s k+ ia k ) 

= fak, Oi k ) - {SnSn-1 • ' ' S k a k , 0£(k)+n) 
= 1 + (/%(*)> /%fc)+n)- 

So we have 

A = {w k — 0^ k ) — /3£(k)+n, tt k — (vj k — /%fc))) 

= {w k - /% fc ) - /% fc ) +n ,/% fc )) 
= -1 - (%fe), %j(.) +n ), 

B = - /3 €(fc ), + 0£(k)+n) 

= -1 - (/%£;), /%(fc)+n) + (Wfc, /%fc)+n) 

= 0. 
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Consider the quantum cluster algebra A q A . For any i E I, let x* denote the quantum 
cluster variable L" 4 (ej(— 1)). We have the following T-system: 

X * kXk =q \L{e n+k ,e k ) Xn+k 

_|_ ql L (T,i < k b il<: e i + T,j > k b kj e j + n,ek) J~J g&ik . (x^ +1 ) fefe ' fc + 1 • • • (x*) &fen . 

i<k 

We have L(e n+k , e k ) + 2 = L(Y, i<k h ik ti + Y.j>k b kje j+n , e k ). The above T-system becomes 

q -\L{e n+k ,e k )-l xlxk = g -l Xn+k + Y[ X b ^ ■ (4 +1 ) 6fc ' fe+1 " " " 

i<k 

By definition, we have 

x k = q^lA{e k {0)), x* k = g*L*(e fc (-l)), 
x n+k = g §<%*)+%*)+n>%*)+%*)+»>i^( efc (-i) + efc (0)). 

Also, we have L(e n+k ,e k ) = -(/3(e k (-l)), /3(e fc (0))) and J2i<k b ik/3(ei(0))+J2j>k hjP( e j(-l)) = 
/3(e fc (-l))+/?(e fe (0)). 

Therefore, the T-system can be written as 

g-l-(^(e k (-l)),^(e fc (0)))^A( efc (_ 1 ^ ^ L^(ejfc(0)) 

= q- l lA{e h (-l) + e fc (0)) + T^ 6^(0) + ^ fe^-l)). 

j>k 

Therefore, k identifies the PBW generators. It follows that it gives an isomorphism 
from Ai k to A A (n(c 2 )). □ 

Let Az[ v ±](n(c 2 )) denote the free Z[f ± ]-module generated by the dual PBW basis ele- 
ments of A v (n(c 2 )). 

Theorem 7.0.4. The map k is an algebra isomorphism from the quantum cluster algebra 
A q to Az[ v ±](n(c 2 )) . It sends {L A {w)} to the dual canonical basis of A%[ v ±}(n(c 2 )) . In par- 
ticular, every quantum cluster monomials up to a v-power is sent into the dual canonical 
basis. 

Proof. The first statement follows from Proposition 7.0.3. 

The bar-invariant basis {L A {w)} is uniquely determined by the dual PBW basis {M A (w)} 
and the upper unitriangular property. Similarly, the a + -invariant dual canonical basis of 
A A (n(c 2 )) is uniquely determined by the dual PBW basis of A A (n(c 2 )) and the upper 
unitriangular property. Because the isomorphism k commutes with these two involutions 
and identifies the two dual PBW bases, it identifies the dual canonical bases as well. 

The last statement follows from Proposition 7.0.2. □ 
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